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2 9 o Heilbronn 1934
$h(-D)=h(Q(\sqrt{-D}))arrow\infty$ $(Darrow\infty)$
o 2
o Siegel 1935 $h(-D)$ asymptotic formula
.
$\log h(-D)\sim\log D$ $(Darrow\infty)$ .
Brauer 1950





















2 $(2, 2)$ effective
1 Abel $2\cross 10^{10}$
(Baker-Stark ) 1 (2, 2, $\cdot$ . . , 2)
Abel




Masley 1976 1 (29 ( $Q$ ))




. 1 Abel 172 $0$ (
)
$Q(\sqrt{-67},\not\in\sqrt{-163})$ $10921=67\cdot 163$
. 172 135 (
Riemann 155 ) ( )
( ) 2
$K$ ( ) Abel
3
computer
$K$ $(\S 4)_{0}$ $K$
$h^{-}(K)$ (\S 5) $o$ Uchida
$|L(1, \chi)|$ ( $\chi$ : )







\S 8,\S 9 \S 10 $0$
4 $K$
$K$ 1 $K$ $g(K)(=[K^{*} : K],$ $K^{*}$
Abel $K$
) 1 $g(K)=1$ $K$
:





$K=K_{1}\cdots K_{t}$ ( $K_{i}$ )
$r$ $t$ $t$ $K$
$r=\{\begin{array}{l}t+1(K\supset Q(\zeta_{8}))t(otherwise)\end{array}$
$F$ $K$ 1 $F$ ( ) $K$
$0$ $g(F)=1$ $F$ ( )
$H(F)$ $K$ $F$ $H(F)K$ $K$ $h(F)$
o $K$ 1




$r=2,$ $ord\chi_{1}=2$ , $ord\chi_{2}=$ 2
$0$ $r=3$ $\chi_{1}$ $X_{K}$
$\langle\chi_{1}, \chi_{2}\rangle$ $\langle\chi_{1)}\chi_{3}\rangle$ $K$ 1 Abel
$r=2$ $\chi_{1},$ $\chi_{2},$ $\chi_{3}$
5 $K$ $h^{-}(K)$
C $M$- $K$ $h(K)$ $K^{+}$ $h(K^{+})=$
$h^{+}(K)$ $h^{-}(K)$ $K$ $h^{-}(K)$
$K$ Abel




$n$ $K$ $Q=[E_{K} :W_{IK}E_{K+}]$ ( $=1$ or 2) Hasse unit
index $w=\# W_{K}$ $K$ 1 $D_{K}$
( $D_{K+}$ ) K( $K^{+}$ ) $0$
Uchida 1 Abel $K$ Hasse unit index
. (Uchida[8]) $K$ 1 Abel : $K=K_{1}$ . . . $K_{t}(K_{i}$
2 ) $K$ Hasse unit index 1
1 $K_{i}$
$|L(1, \chi)|$ $L_{1}(s)(L_{0}(s))$
$X_{K}$ ( ) $L$- :
$L_{1}(s)= \prod_{\chi:odd}L(s, \chi),$
$L_{0}(s)= \chi:even\prod_{x\neq 1}L(s, \chi)$
.
Uchida $L_{1}(1)$ $L_{0}(s)$ $s$
:
. $(Uchida[8])$ $[K :Q]\geqq 4$ $L_{1}(s)$
$L_{1}(1)\geqq\{\begin{array}{l}\{9.3L_{0}(s_{0})logD_{K}\}^{-l}(\zeta_{K}(s)\delta^{\backslash }\backslash ^{\backslash }ffi^{|}Ii\}\ovalbox{\tt\small REJECT}\ddagger 5\not\in g\vee\supset gg)\{9.3L_{0}(1)logD_{1K}\}^{-1}(\zeta_{K}(s)\delta^{\backslash }\backslash ^{\backslash }ffi^{|}Jff\uparrow\ovalbox{\tt\small REJECT},\Xi\not\in E7_{\vee}fpt,\backslash \text{ })\end{array}$
$SO=1+(1.2\log D_{K})^{-1}$ $\rho$ $\zeta_{K}(s)$
$\rho$ $1-32/(105\log D_{K})<\rho<1$ 3
Landau-Stark formula ( )





$|L(1, \chi)|<\frac{1}{2}\log f+\gamma-\frac{1}{2}$ .























critical strip 1 Dedekind
zeta o
. (Stark[7]) $K$ $\zeta_{K}(s)$





. (Heilbronn) $K/k$ Galois
\supset $\zeta_{K}(s)$ (critical strip ) $\zeta_{k_{2}}(s)$
$\zeta_{k}(s)$ $k_{2}$ $K/k$ 2
( $k_{2}$ )
Abel $K$ Dedekind zeta $\zeta_{K}(s)$
$K$ 2 $L$- ( Siegel









$0$ (Riemann zeta $\zeta(s)$ )
Abel 2
2 $L$- ( Siegel )
2 $L$-
:
. (Rosser[6]) $\chi$ $f$ Dirichlet $f\leqq 227$
$L(s, \chi)$
. (Low[3]) $\chi$ $-d$ 2 Dirichlet
$d<593,000$ $s>0$ $L(s, \chi)>0$ .
2 Dirichlet $\chi$
$s>0$ $L(s, \chi)>0$
Chowla 2 $\chi$ $L(s, \chi)>0(s>0)$
:
. (Chowla[l]) $\chi$ 2 Dirichlet o $S_{m}(x)$ $\chi$
$m$ :
$S_{1}(x)= \sum\chi(n),$ $S_{m}(x)= \sum S_{m-1}(n)(m\geqq 2)$ .
$n\leqq x$ $n\leqq x$









Uchida 1 2 Abel
1 Abel $K$ $\zeta_{K}(K)$
Heilbronn $m$ $S_{m}(n)<0$








$K$ $h^{-}(K)$ arithmetic formula:

















. 60 ( 60 5 $A_{5}$ )
. $L/K$
$L$ $K$ root-discriminant .
$rd_{L}=rd_{K}(=D_{K}^{1/[K:Q]})$ .
$0$
. $n$ $r_{1},$ $r_{2}$ $r_{1}+2r_{2}=n$ o $L$
n r1(L), $r_{2}(L)$
$n_{L}$ $r_{1}/n$ $r_{2}/n$
$L$ root-discriminant $B(n, r_{1}, r_{2})$ :
$B(n,r_{1}, r_{2})= \inf\{rd_{L}|n_{L}=[L, Q]\geqq n, r_{i}(L)/n_{L}=r_{i}/n\}$ .
$K$ $n_{K}$ $K_{ur}$ $K$ (Galois)
$rd_{K}<B(h’n_{K}, h’r_{1}(K),$ $h’r_{2}(K))$ [$K_{ur}$ : K]<h’
$K$ $h’$ $rd_{K}<$
$B(2n_{K}, 2r_{1}(K),$ $2r_{2}(K))$ $K$ unramified-closed
163
$K$ 1 $K$ 1 $rd_{K}<$
$B(60n_{K}, 60r_{1}(K),$ $60r_{2}(K))$ $K$ unramified-closed
2
. 1 2 $K$
. $K$ Galois $L$




1 Abel root-discriminant Hasse
conductor-discriminant formula o ( 1(
1) Abel 2 Abel
)







. 4 $Q(\sqrt{-67}, \sqrt{-163})$ 1 $0$ 10921 root-





. 2 $Q(\sqrt{}=903)$ $A_{5}$- 27
$4903$ root-discriminant $\not\in\overline{i903}$ =70.02 $\circ$
164
. 2 $Q(\sqrt{-5})$ $Q(\zeta_{73})$ 3 $A_{5}$-
254 $1440$ root-discriminant 2 $\cdot 5^{1/2}$ .
$7^{2/3}=78.11\cdots$
. (Martinet) 10 $Q(\sqrt{-46}, \cos\frac{2\pi}{11})$
2024 root-discriminant $2^{3/2}11^{4/5}23^{1/2}$ =92.36
1 2 Galois
( )
. 2 $Q(\sqrt{1810969})$ ( ) 1 $A_{5}\cross A_{5}$-
. 2 $Q$ ( 483345053) ( ) 1 As-
. 2 $Q(\sqrt{30861161})$ ( ) 1 (
) A9-
















1 Abel C $M$-
$|L(1, \chi)|$ 2 4
$|L(1, \chi)|$
:
. (Louboutin[2]) $\chi$ $f$ $D$irichlet
$0$
$|L(1, \chi)|\leqq\frac{1}{2}\log f+\frac{2+\gamma-\log 4\pi}{2}$ .
$f$
$|L(1, \chi)|\leqq\frac{1}{4}\log f+\frac{2+\gamma-\log\pi}{2}$ .




1 Abel $n=[K:Q]$ ,
$f$ , root-discriminant $rd$ o
“*”
$\chi_{4}$ 4 2 ( 1 ) Dirichlet
$p$ $\chi_{p}$ $p$ , $p_{L}-1$ Dirichlet
o $q=p^{m}(\neq 4)$ $\psi_{q}$ $q$ , $p^{m-1}$
$2^{m-2}$ Dirichlet
U $C$ $Y$ unramified-closed o $Y$
Riemann o
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Table of the imaginary abelian number fields with class number one.
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